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Abstract

The lagrangian of N=2, D=6 supergravity coupled to E; x SU(2) vector- and hyper-
multiplets is derived. For this purpose the coset manifold Eg/E7 x SU(2), parametrized
by the scalars of the hypermultiplet, is constructed. A difference from the case of Sp(n)-
matter is pointed out. This model can be considered as an intermediate step in the
compactification of D=10 supergravity coupled to Fg x Fg matter to four-dimensional
model of Eg unification.

Introduction

Minimal six-dimensional supergravity has N=2 supersymmetries and can be coupled to the
vector multiplet in adjoint representation of arbitrary gauge group. On the other hand,
the hypermultiplet must belong to certain group to be coupled to the supergravity. In
particular, the complete lagrangian with all couplings has been constructed in [1] for the case
of Sp(n) x SU(2) gauge group. The group SU(2) acts on two supersymmetry generators
while Sp(n) transforms only matter fields. The scalars of the hypermultiplet parametrize
the coset manifold Sp(n,1)/Sp(n) x SU(2), which possesses special properties, allowing one
to construct the supersymmetric action.

Other coset manifolds were suggested in [1, 2] as candidates for the spaces the hypermat-
ter could form. Of particular interest is the largest exceptional one, namely Eg/E; x SU(2).
In this paper we explicitly construct this manifold and present the lagrangian of the N=2,
D=6 supergravity coupled to the E7; x SU(2) vector- and hyper-multiplets. In the rest of
the Introduction we argue, that this model may play important role in the compactification
of the Fg x FEjy heterotic string.

The compactification of D=10 supergravity, which is the low-energy limit of superstrings,
to four-dimensional space-time is rather ambiguous [3]. The topological structure of the
internal Calabi-Yau manifold is not determined. Moreover, complexity of six-dimensional
spaces requires many unknown parameters to be introduced in order to obtain a predictable
multigeneration model in four dimensions.

On the other hand, if one suggests, that at some intermediate energy-scale between the
Plank mass and the Grand Unification scale the space-time is effectively six-dimensional,
many problems get fixed. In this case internal four-dimensional manifold has SU(2) holon-
omy group and, consequently, selfdual Ricci tensor; this is K3 with necessity [4]. Moreover,
the vacuum configuration guarantees the vanishing cosmological constant in six dimensions
[5], even if higher-derivative corrections are included.
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After the compactification to six dimensions gauge vectors with four-dimensional index
become scalars. They belong to (248,1)+(1,248) representation of Eg X Eg’ gauge group and
4=(2,1)+(1,2) representation of O(4) ~ SU(2) x SU'(2) Lorentz group of internal manifold.
Since Trp,xpy = Trgs + Trg, one can expect that Eg” decouples. It is then natural [6] to
pick up the singlet of SU'(2) x SU"(2), where SU"(2) is a subgroup of Eg. The residual
group is E; x SU(2) and the scalars belong to its (56, 2) representation. They can form the
coset manifold mentioned above.

Nevertheless the compactification N=1, D=10 — N=2, D=6 may turn out to be difficult
to perform explicitly. In particular, the vector responsible for gauging of SU(2) group is
the ten-dimensional spin-connection w,,, which is composite field, rather than independent
degree of freedom. But since all couplings of six-dimensional supergravity are fixed uniquely
up to two gauge coupling constants g and ¢’, it is interesting to construct the lagrangian
independently. Possibly, the consistent consideration of the compactification may determine
these constants too.

The compactification N=2, D=6 — N=1, D=4 shouldn’t be a problem since all two-
dimensional equations of motion are explicitly solvable. The E; group is expected to be
broken down to anomaly free Fg, or further to SO(10) group. One may hope that chiral
compactification [7] on the sphere S? can solve the problem of mirror generations, which
inevitably present in any real group such as F; or Es.

Es/E; x SU(2) coset manifold

In order to construct the coset manifold Eg/F; x SU(2), we need Eg algebra. For this
purpose we use the Fg D E; x SU(2) decomposition:

248 = (133,1) + (56,2) + (1,3)

So the generators of Eg are (Ys, I, Qin), where Y5, are E; generators, I, are SU(2) ones
and @);, are off-diagonal coset generators. All index notations are given in Table 1. The FEjg
commutation relations have the form [8]:

[Ys, YAl = foanYn s, It] = estuly Yy, I] =0

[YE’ Qia] = (Tz)ﬁaQw [Is’ Qia] = - % (Us)inja

indices: values: representation:
Y, AIT 1,...,133 E; adjoint
a, B,y 1,...,56  E; fundamental
1
1

s, t, u SU(2) adjoint
i, j, k SU(2) fundamental

ORI\
OQ\-

Table 1: Group indices



Qiar Qus] = — (CTo)asey¥s + & Cagleo)l. )

Here (Tx)%s are antihermitean 56 x 56 E; matrices, normalized as tr(TxT)) = —60xa,
1%, TA] = feoanlh, fean are E; structure constants, C,g is antisymmetric Er-invariant
matrix, C*? denotes C* = C~1. (0,)?; are Pauli matrices, € = ¢;; = ioy. The normalization
of generators is chosen in such way, that Eg Cartan-Killing metric is —30(dxa, dst, Cageij)-
Due to E7 Fierz identity [9]

1
(To)a(T2)’s = = (8285 + C"Cap + CC"dapas )

the relations (1) satisfy the Jacobi identities. dap), is totally symmetric Er-invariant tensor.
The scalars of the hypermultiplet ®*® are the coordinates of the coset manifold. They
satisfy the reality condition:

Dio = ()" = £4jCap®’”
The vielbein V® and spin-connections 2%, Q° of the coset manifold can be constructed

by means of the Maurier-Cartan form (for differential geometry of coset manifolds see, for

example, [10]):
0

aq)ia
where L = exp <2i<I>QO) is the coset representative, (2)

L—l

L =2 Viﬂjﬁng + QQEYE + Qigsls

underlying index i« is curved one. The multiplier 2¢ is introduced for conventional normal-
ization of the field ® in the lagrangian. Evaluating equation (2) we obtain the following
expressions for the vielbein and spin-connections:

V99 — shv'M o
- v M

_ hyv M — 1 - hyv M — 1
Qiaz = —4<@T2CT>1‘Q Qias = _2i<@asci>ia (3)

M
where M is hermitean 112 x 112 matrix:
M, = —4(Ts®)YP(DTx)in + (0,2)7P(P0,)ia (4)

In particular M*;3®/8 = 0. Consequently the matrix M is degenerate and doesn’t have
inverse one, so the equations (3) should be considered as formal expansions in powers of M,
which are positive. Due to the properties

Oy F (M) (T5 @) = [T, f(M)]["7i0
Oy f (M)?P i (0@ = [0, f(M)]a (5)

any function f(M) transforms uniformly under E; x SU(2) transformations:

50 = USTed — %Usascb



Furthermore, the calculation of dj;o (L0 L) gives the following equations on the derivatives
of the vielbein and spin-connections:

i
OiaVig" + (T5)s%a" Vig" = 5 (0:)"1%a"Vig"" = 0

1
8[1-_(19@2 —+ 5 ngHQiﬂAQMH + 2(0T2)75€klviﬂk’y%£l6 =0

1 .
8@_&9]'_}8 + §€StuQiﬂtQ£u — ZCA,(;(&JS)MVQ]WVJEM =0 (6)

We will use the properties (5), (6) evaluating the supersymmetry algebra.

Coupling to supergravity

We construct the lagrangian following Noether procedure. One starts with the lagrangian of
pure N=2, D=6 supergravity and adds terms, necessary to cancel its variation with respect to
the supersymmetry transformations, modified due to the presence of the matter fields. The
algebra is very similar to the Sp(n) case [1], so we omit details of the calculation. We consider
dual version of the N=2, D=6 supergravity, so that the field-strength tensor By, = 30, By
does not contain Chern-Simons term. The lagrangian of the dual supergravity coupled to
Sp(n)-matter can be found in [11]. For simplicity we omit fourth-order fermionic terms in
the lagrangian and third-order fermionic terms in the supersymmetry transformations of the
fermions.

Letters a, b, ¢ are used as flat space-time indices and m, n, p as curved ones. The metric
and antisymmetric tensors are 7, = (+, —, ..., —), e?° = 1. We use 8-component spinors
and 8 x 8 Dirac matrices v*. Spinorial indices are not written explicitly in the text. As
usual, y*% denotes antisymmetrized product of n y-matrices. Notations of all fields and
their conjugation rules are given in Table 2. The vielbein V;,2? is inverse to V;o’? one and
Giajp = €CysVia"V;5" is the metric of the coset manifold.

At first let us write down the definitions of the covariant derivatives for all fields:

D,® = 0,® — AZTx® + %AinaSCID
D9 = V., — AZTeV + D,, 0, Ts¥
Dpe = €pm + %A;ase — %Dméiaﬁiﬂsase the same for ,,, X
D X” = X5, — foanAnA" + %A;USAE — %me@iﬂsasﬁ
Dpp® = ply — st p” + %Aﬁnatps - %Dm¢ia9mtatps (7)

The semicolon denotes usual space-time covariant derivative; € is the parameter of the su-
persymmetry transformations. The field-strength tensors are:
FZ = 28[mA,§} — foanAd Al
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multiplet: fields: notations: E; x SU(2) rep.: reality:

gravitational + graviton em” (1,1) real
antisymmetric:  antisym. tensor B (1,1) real

dilaton @ (1,1) real

gravitino - (1,2) i = i€,

dilatino X! (1,2) X; = —iey X
hypermultiplet: scalar o (56,2) Pia = £i;Cap®?

fermion v (56,1) U, = —iCo5¥”°
E; vector: vector Az (133,1) real

fermion A\ (133,2) AP = g A%
SU(2) vector:  vector A2 (1,3) real

fermion P (1,3%x2) 0 = igyp¥

Table 2: N=2, D=6 supersymmetric multiplets. For all spinors ¢ = ¢C*, ¢ = ¢*+°, C
is unitary symmetric charge conjugation matrix. Dilatino and ¥ are right-handed spinors
v"x = —x, all other fermions are left-handed.

According to [1], the derivatives of the fields, belonging to fundamental representations of
E;xSU(2) get modified by adding the terms with the spin-connections 2. So the commutator
becomes:

1
D[mDn]E = — =

8 Rmncdf)/(:d6 + i‘ﬁ.mnso-se +

4L e O (FEWTECD e

4 mnS

We used properties (5), (6) proving this.
The lagrangian of the N=2, D=6 dual supergravity coupled with E; x SU(2) vector
multiplets and hypermultiplet has the following form:

4 1 ; -
>za + 5 o€ Dm(I)laDn(I)]ﬁVigk’y‘/]EwC'yé (5Us)kl

1 , 1 - o
6*1L = ZR + @'a@’a + Eeﬁlc,aBachabc - zwa,yabcwac + %XDX

—ipat™X + o2 ("B + 20,By"X + XBX — UBY )

1 . N . . _
+3 GiajgDa®D®P 1 %\ymf — i Da® Vi 1 (W g7y k)

17 1 1 .

t {— 1 e WELF> + = g WF o Fo 0 Bayay + 1€ 22X DAY

+%e*2@2 (Y Few + FX)® + 12—2 XEBAZ] — 20 (Te®) Vi Pe 1 (T 507)
17 1 1 )

+— [——e—%f;bfsab T 1 F e Bugay + 675" D’

gl 4 alaz as3aq asae
i —2p =5 aﬁ ﬁ s i —sB s o)y, I8 U 0%
+5e D (7 Yo + X) + 15 PBP" | = (052) Via e (Vp™)

+ % (&wa + )‘()O_S ()\2023 + ptcts) . _€2<p(92023025 +g/2cstcst) (9)
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where B = B¢y, and so on; g, ¢’ are E; and SU(2) coupling constants respectively.
Following [1], we introduced real functions

- chvM -1

C* = —2ido, i Ch— VM -1 o

M

for notational convenience. For the same reason indices, labeling representations 2 and 56
are suppressed in those places, where their position can be restored unambiguously.

The lagrangian (9) is invariant with respect to the supersymmetry transformations, writ-
ten below:

Ty ® C* = 5% — doy 5P

dem® = 1Yy e
do = —%5{6
- 1_
6an = je ¥ (_¢[m7n]€ - §X’Ymn€>
1 A
0y = Dy — ﬂewB’yme
1 A
X = —@. "€ — }—262“”36
5O = Ve CPY (U,e)
SO = D@ Vg ey e
SAZ = i XZye
1. .
SN = _ZFEE + %g2e2¢025056
0A = ip°yme
1 .
6p° = — Z}—SE + %g'QeWC’State (10)

The lagrangian (9) has the same form as in the case of Sp(n)-matter [11]. Nevertheless
there is one essential difference. In our case there is no need to impose the constraint
euViiaVip)'® = —n71gia,;5C?° on the vielbein. This constraint has been introduced in [2]
(eq.(2)) and used in [1, 11]. We never used this constraint checking the invariance of the
lagrangian (9) with respect to the transformations (10). Moreover, the vielbein (3) does not
satisfy this constraint. It can be easily seen in the point ® = 0 where V7% = 6767
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