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ABSTRACT

We present an action for the Neveu-Schwarz-
Ramond model from which follow both the field equa-
tions and the gauge and supergauge constraints.
This is done by coupling the free-field action to
two-dimensional supergravity in a geometrically
clear way. The constraints arise as the supergra-
vity field equations, the supergravity fields play-
ing the role of Lagrange multipliers. The action
is invariant under local supersymmetry transforma-
tions and, as a consequence, the field equations
and the constraints are consistent. The commuta-
tor . structure of the local supersymmetry algebra
is exhibited. It is also shown that there exists
a special gauge in which the action, the field
equations and the constraints take the free-field
form of the usual formulation of the Neveu-Schwarz-

Ramond model.
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1
The Neveu-Schwarz-Ramond (NSR) ) model of a spinning string is in-
variant under a global supersymmetry. It is the purpose of this paper to

exploit this fact, together with the ideas of supergravi‘ty2 , o write a

simple Lagrangian for the string. This Lagrangian incorporates the con-
straints in a geometrically clear way, and its cmsistency is guaranteed
by the local supersymmetry acquired through the coupling to supergravity.
In this sense, it may also be regarded as a two-dimensional model for the
coupling of a matter supermultiplet to supergravity, in analogy with a

similar recent formulation of the spinning particle3 .

The spinning string is described by a Mlnkowskl vector Ai(xo, x1)
and by a two-dimensional Majorana spinor Xy (x , X ) which is also a
Minkowski vector. The variables = (x%,x ) are the co-ordinates on
the two-dimensional surface spanned by the string as it moves in space-
time, the embedding of the surface in Minkowski's space being described by
the co-ordinates 4 . In the following, to simplify the notation, the
Minkowski indices (guch as i) will be omitted; whenever two Minkowski
vectors are multiplied, their product must be understood as being the
Lorentz invariant inner product. The action for the spinning string1
is usually given as*

1, =J[- ':i'.'(gl‘Av) '%ix")/r d' (1)

In this form it appears as the action of a two-dimensional field theory
of massless fields, the Lorentz group in physical space playing the role
of an internal symmetry group. In addition to the equations following

from (1), which are

OA=0 , yop=°. (2)

the fields are assumed to obey the constraints that the energy momentum
tensor and the spinor current vanish
1
) Qur two-dimensional gamma matrices are vo = -ig2, Y =045 Y5 T 09 and
we have vy vy = gy + Y5€qp° All spinors are tOually_antlgogmutlng two-
dimensional fields. the adjoin? of a spinor X 1is X =X v - Finally we

use (D/OXP) =0
u‘o
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'I;,\, = QI‘A 2,A - —;— ’7,4\:(9):»14) +1-:.—/f(ﬁc.')v "‘)’vf)/‘)/r=o(3)
J/;E.' 9,4)””,’{:0, (4)

together with the appropriate boundary conditions for the open string. The
constraints (3) and (4) are compatible with the field equations (2); one
can easily verify that, if assumed valid at some particular value of the
two-dimensional time variable xo, the constraints will remain valid for
all times. The theory is invariant under Lorentz transformations and also
under global supersymmetry transformations in two dimensions1). The latter

are given by

sA:L'b?;( , = 9/‘,4)//‘0( (5)

where ¢ 1is an infinitesimal anticommuting constant parameter. It is

easy to see that the action (1) is invariant.

The constraints (%) and (4) do not follow from the action (1). In
order to obtain an action which incorporates them, one must modify (1) so
as to make it invariant under both general transformations of the co-
ordinates xM" on the surface and local supersymmetry transformations4).
In earlier work by other authorsS), only general co-ordinate invariance
was required: as a consequence, the gauge constraint (3) was incorporated

in the action, but the supergauge constraint (4) had to be imposed by hand.

In order to find the needed modification of (1), let us study its
response under the supersymmetry transformations (5), but taking now a

parameter o = a(x) with an arbitrary x dependence. One finds easily

AF:Z;, - -'ird/nzauz; ;71‘6(25() (6)

where JM is given by (4). This formula identifies JM as the Noether
current of global supersymmetry and shows, in particular, that the action
is invariant if o is constant. For x dependent «o, in order to cancel
(6), one is led to introduce a gauge field for local supersymmetry, which

must be a two-dimensional Majorana vector-spinor ¥ transforming as
V)



S)b/‘-:—-%uo( ) (7)

and to add to the action a coupling term

;= -if«}'r THa % =-£f¢ﬂyvjfx9,Ad§c. (8)

This, however, is not sufficient, because the current JH* contains the
derivative of the field A, so that the variation of I1 has an addi-

tional term with a derivative of & equal to

jg:f"fv,/% D,F(/’(alk -.:-—Zl-jxx,%.rvf"),o( d';( C (9

*
The latter form is obtained with a simple Fierz rearrangement ). To

compensate (9) one must introduce a contact term

L=-2 |TX ST dx (10)

with the additional factor 3 because of the occurrence of ¢u twice.
The procedure is perfectly analogous to that which generates the sea-gull
term in scalar electrodynamics, where the linear coupling term between the
electromagnetic potential and the current is not sufficient for gauge
invariance, due to the fact that the electromagnetic current contains a
derivative of the charged scalar field. Finally, we observe that the
action I0 + I1 + 12 is not yet invariant under general co-ordinate
transformations. This, however, can be achieved by standard methods, with
a

the introduction of a two-dimensional "vierbein" field e ~. We obtain
u

in this way our final form for the action

*
) The rearrangsement formula for aay four Majorana two-component anti-

commuting spinors is

(crx)(%) -5 (¥ Ax)(w"x) )

where the sum is over = (1, Va)’ Y = (1, Yor Ya)-

Vs



I::j\L_a‘zx
L="2‘-9r~'43v'43"v€ -%QXX”%“X
L PP A WA - XY T YT P

. . ) . a . )
Here e ™ is the inverse vierbein, e = det e =, the metric tensor is
U

gy = e M ebv nab, v® are the gamma matrices of flat two-space-time and

VW= y? e,'. Observe that in two dimensions the covariant derivative of a

spinor has the form

Dex= %1+ 2%l X

(the connection w is discussed below). When inserted into the action for
W

(12)

the field X, the connection term does not contribute, so we have written
the Lagrangian (11) with an ordinary derivative on X. AMlso, in four
dimensions one would add to the matter-supergravity interaction the action
for the supergravity fields e a and themselves. In two-dimensions,
however, the Einstein Lagrangian (both ig first and in second order form)

is a divergence and integrates to zero and the Rarita-Schwinger Lagrangian
vanishes identically. Therefore (11) is complete as it stands and the fields

e ® and ¥~ take the role of Lagrange multipliers. The action (11) is
w

invariant under general co-ordinate transfomations, local Lorentz trans-
formations and Weyl transformations, under which the fields rescale as

follows (A = A(x) arbitrary function of x).

A=A ) /T'_’A-'/‘/t

" (13)
Q a

€' Ne Y. —> [\

r Ne® , ¥ -
Furthermore, because of the two-dimensional identity yuyvy“ = 0, the

action is not affected by a change

Y — Y + 8 (14)

where ¢(x) is an arbitrary spinor.



The action (11) is also invariant under the local supersymmetry

transformations

SA=ciay . Sx=(pA+cyp) )y«

(15)

Se ==y , =B o

where D o 1is defined as in (12), with
W

wr' = c.),,(e.)-—zc: ‘—F’t rf /’? (17)

The explicit verification is purely a matter of relatively simple, even if
somewhat lengthy, algebra*) and shall not be given here. We prefer to
interpret the additional terms which appear in the variations (15) and (16)
and which are absent in (5) and (7). Except for a different normalization,
(15) are exactly the analogues of the variations occuring in pure super-

. . . . 2 A . . .
gravity in four dimensions °. This is especially obvious if one observes

that (16) can be obtained by solving for @, the equation

a ' —
c,uv = 2¢ ‘I’rfaf’y ’ (18)

where the torsion C va is given by
m .

C

a._ a a a b a 4
,‘V - aﬁev - gver —6«),4, & ) eV +a)v 3 56,.(19).

*
) We found it convenient, after varying, to use the decomposition

b, = b, + vuﬁ, y;« = 0. Onz Eas the gsefgl identities Vuwv = vy¥,
VS*a = ‘eab¢ b 2‘l‘a¢b = nab d"* a‘nd *“‘Y\)‘y)\ = o’
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As in supergravity, o has the property that its own variation under (16)
does not contain derivgtives of the parameter ¢, these derivatives cancel-
ling between the two terms on the right-hand side of (17). The same is true
of the expression 0 A + iiw which enters in the variation of §8X. In other
words, the variationg are en:irely constructed in terms of supercovariant
derivatives, i.e derivatives covariant not only under general co-ordinate

and local Lorentz transformations but also under local supersymmetry trans-

formations.

It is interesting to compute the commutator of two local supersymmetry
transformations of parameters 01 and @2. From (15) one finds immediately,

for the commutator on the field A,

[£,5]4 = 4Tyl WA -28) 0 T X

(20)

This can be interpreted as the combination of a general co-ordinate trans-
formation of paraﬁeter g” = 2ia1y“oé and of local supersymmetry transformation
of (field dependent) parameter o = 2151yu02¢&. The computation of the
commutator on the other fields is a little more complicated and (for x)
requires use of the field equations. The result has the same interpretation

as for A, but in addition one finds also a local Lorentz transformation of

(field dependent) parameter iuh&1y“a2. For instance
[, 0] = Adpra, ) tiapmpra )
+2i %l ]”}b,‘(bpﬁ-*ij’%).

4),2),6)

(21)

In this sense the algebra closes

Variation of the fields A and X 1in the action (11) yields the

differential equations

% [eg’w% ,4)4- (9 (e 17,,"['%) =0 (22)

and

V(5@ )y 1 BWA 22 Ty T, =0, »
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while variation of the Lagrangian multipliers e & and ¥ gives the
v u

) *)
constraints

o9

A A ¢ o
LiL T Tl ApY-sRx 1t =0

e Q
F (24)

Equations (22) to (24) are consistent with each other as a consequence of

o

the invariances of the action. The consistency can also be verified
directly, and we have checked it. For instance the divergence of the spinor
current turns out to vanish as a consequence of the equations (22) to (24)

themselves.

We now wish to prove that there exists a special gauge in which our
action and our equations take the simpler form given by (1) to (4). The

identity

e X =R Yo Rt BYE L

where 2¢= y.¥, shows that the terms bilinear in ¢ in (16) can be
interpreted as a combination of a Weyl transformation, a local Lorentz
transformation and a transformation (14). Since the action is invariant
under these transformations we can shift these terms from &y to the
variations of the other fields and retain only the metric covgriant

derivative

’ / {
= = + --zco )0( .
Now, a vector-spinor in two dimensions can always be written in the form

*) We refrain from writing explicitly the obvious form of %a“. Observe
that, if one introduces the supercovariant derivative of X, which
obviously is qu = D“x + (va + iiwv) yv¢u, the Dirac equation (20)
takes the extremely simple form VHQUX = 0, as one verifies with a

simple Fierz rearrangement.
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B=DiA + &7 DB (21

Using the invariance (26) one can obtain A =p or

'\h. :)1‘ /'D/ﬁ ‘ (28)

Then, because of (14), one can go to the gauge ¢ = O. For the vierbein,

one chooses the co-ordinates x" and the local Lgrentz frames in such a

way that ©a = A(X)“pa’ which is always possible in two dimensions. Finally,
by means of a Weyl transformation one reaches the gauge where eua = npa'

The equations and the action have now the form (1) to (4). The boundary
conditions for the open strings can be obtained from (11) and studied

either in their general form or in the special gauge. They have two solu-
tions, which correspond respectively to the Neveu-Schwarz and to the Ramond
model.

Recently P.A. Collins and R.W. Tucker7)

have constructed a Lagrangian
for the N.S.R. model which incorporates correctly the constraints. Their
approach is very different from ours and it is interesting to see whether
one can establish a connection. It turns out that their Lagrangian can be
obtained from (11) by going to a particular gauge. First observe that it
is always possible to choose the local Lorentz frames so that the compo-
nent p =1, a=0 of the vierbein eua vanishes. Then, using the
Weyl invariance (13) one can rescale the vierbein field so that det e a_ 1.
In this way the four quantities e # are reduced to two. Observe alsg that,
using the invariance (14), one canutransform ¥ so that it satisfies

yuwu = 0. This equation reduces the number of independent components of

v, = eauwu from four to two. Now the Lagrangian has lost the manifest
two-dimensional space-time symmetry but one has the advantage of a smaller
number of Lagrange multipliers, two bosonic and two fermionic functions.

A final rescaling of the field X gives the Lagrangian of Ref 7).

The superspace formalism provides an alternative method for constructing
a Lagrangian for the N.S.R. mode18). The relation between the superspace

method and the present work will be discussed separately.
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